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EXISTENCE AND UNIQUENESS OF GROUND
STATES FOR p - CHOQUARD MODEL IN 3D
VLADIMIR GEORGIEV, MIRKO TARULLI, AND GEORGE VENKOV
Abstract. We study the p-Choquard equation in 3-dimensional
case and establish existence and uniqueness of ground states for the
corresponding Weinstein functional. For proving the uniqueness
of ground states, we use the radial symmetry to transform the
equation into an ordinary differential system, and applying the
Pohozaev identities and Gronwall lemma we show that any two
Weinstein minimizers coincide.
1. Introduction
Ground states for the classical Hartree-Choquard equation are min-
imizers of the Hamiltonian
(1.1) H(ψ) =
1
2
‖∇ψ‖2L2(R3) −
1
4
D(|ψ|2, |ψ|2),
where D(f, g) is the quadratic form associated with Coulomb energy
functional, i.e.
(1.2) D(f, g) =
∫
R3
I(f)(x)g(x)dx
and
(1.3) I(f)(x) =
1
4pi
∫
R3
f(y)
dy
|x− y|
is the classical Riesz potential. For any p ≥ 2 one can define a modified
p-Hamiltonian as follows
(1.4) Hp(ψ) =
1
2
‖∇(ψ|ψ|(2−p)/p)‖2L2(R3) −
1
2p
D(|ψ|2, |ψ|2).
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The ground states are solutions to the constraint minimization prob-
lem
(1.5) inf
{ψ∈H1(R3);‖ψ‖2
L2(R3)
=λ}
Hp(ψ).
A simple substitution
ψ|ψ|(2−p)/p = u
enables us to transform (1.5) into the problem to find minimizer of
(1.6) inf
{u∈H˙1(R3)∩Lp(R3);‖u‖p
Lp
=λ}
Hp(u),
where H˙1(R3) is the classical homogeneous Sobolev space and
(1.7) Hp(u) = 1
2
‖∇u‖2L2(R3) −
1
2p
D(|u|p, |u|p).
Standard symmetrization argument (we mean Schwartz symmetriza-
tion [8]) and the Gagliardo - Nirenberg inequality
(1.8) D(|u|p, |u|p) ≤ CGN‖∇u‖2p/(6−p)L2(R3) ‖u‖2p(5−p)/(6−p)Lp(R3) , ∀p ∈ [1, 5],
imply the existence of positive radial decreasing minimizers of (1.6),
but only for the range 2 ≤ p < 3.
In this work we plan to study existence and uniqueness of ground
states for larger interval 2 ≤ p < 5 and for this reason we can define
the Weinstein functional (see [12])
(1.9) Wp(u) =
‖∇u(x)‖2p/(6−p)L2(R3) ‖u(x)‖2p(5−p)/(6−p)Lp(R3)
D(|u|p, |u|p)
and consider the associated minimization problem
(1.10) Wminp = inf
{u∈H˙1(R3)∩Lp(R3);u 6=0}
Wp(u).
One can easily verify the relation Wminp = C
−1
GN , where CGN is the
best constant in the Gagliardo - Nirenberg inequality (1.16). Also,
we can observe that the Weinstein functional Wp(u) is invariant under
all the symmetries as homogeneity, scaling, translation, phase rotation
and conjugation.
We will only be interested in minimizing solutions u of the functional
Wp that lie in the energy class H˙
1(R3)∩Lp(R3), which directly implies
that its Coulomb energy given by D(|u|p, |u|p) is finite, thanks to the
Gagliardo - Nirenberg inequality (1.16). In particular we shall establish
that u has some decay rate at infinity, which becomes exponentially
decaying in the classical case p = 2.
Our first main result is the following.
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Theorem 1. Assuming 2 ≤ p < 5, there is a minimizer u ∈ H˙1(R3)∩
Lp(R3) of Wp, such that u is solution of
(1.11) −∆u+ |u|p−2u = I(|u|p)|u|p−2u
and satisfies the Pohozaev’s normalization conditions
(1.12)
‖u‖pLp
5− p = ‖∇u‖
2
L2 =
D(|u|p, |u|p)
6− p = k,
for some k > 0. In addition, there exists x0 ∈ R3, z ∈ C with |z| = 1
and a decreasing function Q : R+ → R+, so that u(x) = zQ(|x− x0|).
Remark 1.1. The Pohozaev normalization conditions (1.12) imply the
Pohozaev identities
(1.13) ‖∇u‖2L2 + ‖u‖pLp = D(|u|p, |u|p),
(1.14) ‖∇u‖2L2 =
D(|u|p, |u|p)
6− p .
Remark 1.2. If 2 < p < 5, then the function Q from Theorem 1
satisfies the decay estimate
(1.15) Q(|x|) ≤ C|x|−2/(p−2).
Recall that Q decays exponentially in the classical case p = 2. For the
simple proof see Remark 2.2.
Our second result treats the uniqueness of minimizers Q of Wp sat-
isfying (1.12), i.e.
Q ∈ G = {u ∈ H˙1rad ∩ Lprad;Wminp = inf
{u∈H˙1(R3)∩Lp(R3);u 6=0}
Wp(u)}
and such that (1.12) is fulfilled.
Theorem 2. For any 2 ≤ p < 5 and any two radial positive minimizers
Q1, Q2 ∈ G, that satisfy (1.12), we have Q1 ≡ Q2.
It is well - known that Gagliardo - Nirenberg inequaities of type
(1.16) D(|u|q, |u|q) ≤ C1‖(
√−∆)su‖2q−θL2(R3)‖u‖θLp(R3), θ ∈ (0, 2q),
or
(1.17) ‖u‖Lp(R3) ≤ C2‖(
√−∆)su‖1−θL2(R3)D(|u|q, |u|q)θ, θ ∈ (0, 1),
with s ∈ (1/2, 1] are intensively studied in the last years (see [1], [5]). In
general (1.17) behaves like Hardy type functional so there is no radial
minimizer (see [2]) of
‖(√−∆)su‖1−θL2(R3)D(|u|q, |u|q)θ
‖u‖Lp(R3)
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while positive radial minimizers of Wp(u) exist and it is important
problem to establish their uniqueness. Indeed, the classical Hardy func-
tional
‖∇u‖2L2(R3)∫
V (x)|u(x)|2dx
with V (x) ∼ |x|−2 has strictly positive lower bound, but there is no
minimizer in H˙1(R3). Small perturbation of V such that
lim
x→∞
V (x)|x|2 = lim
x→0
V (x)|x|2 = 0
changes the situation (see [6]).
Since the nonlinear terms in Gagliardo - Nirenberg estimates involve
nonlocal interactions, we can not apply a Sturm comparison argument
to show uniqueness of positive radial minimizers of the corresponding
Weinstein functionals.
The classical case p = q = 2, s = 1 have been studied in [7], where
the uniqueness approach is based on shooting method and the fact that
the asymptotic behavior of the Riesz potential is
(1.18) I(|u|2)(x) = ‖u‖
2
L2
4pi|x| + o
(|x|−1) , x→∞.
In this case the Pohozhaev normalization conditions (1.12) become
‖u‖2
3
= ‖∇u‖2 = D(|u|
2, |u|2)
4
= k.
Indeed, taking any two solutions u1, u2, we use the normalization con-
ditions and from (1.18) we can deduce that
I(|u1|2)(x)− I(|u2|2)(x) = o
(|x|−1) , x→∞.
This fact gives the possibility to apply Sturm argument and by follow-
ing shooting method to deduce uniqueness.
If p 6= 2, then from Remark 1.2 we face the first obstacle, namely
the loss of the exponential behavior at infinity. Nevertheless, the decay
rate given by (1.15) (see also Lemma 2.2) is sufficient to get
(1.19) I(|Q|p)(x) = ‖Q‖
p
Lp
4pi|x| + o
(|x|−1) , x→∞
and obviously we gain control on the asymptotics of Riesz potential at
infinity, since the Lp norm is a conserved Pohozhaev quantity. Applying
then a Gronwall argument (see Lemmas 3.1 and 4.1), we can conclude
that the function
ϕ(r) = |Q1(r)−Q2(r)|+ |I(|Q1|p)(r)− I(|Q2|p)(r)|
is identically zero for r ∈ [0;∞).
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The outline of this paper is as follows. In Section 2, we briefly
describe the basic steps in proving existence of positive, radial and
decreasing minimizers and then we focus on establishing the asymp-
totic behavior of Q and I(|Q|p) . In Section 3, we apply variational
techniques to get the Euler - Lagrange equation (1.11) and Pohozhaev
normalization conditions (1.12). Then, exploiting the asymptotic be-
havior from Section 2 and using a modified Gronwall Lemma we prove
the uniqueness result of Theorem 2. A short proof of the Gronwall type
Lemma is given in the Appendix.
2. Far field decay estimates
The proof of the existence of radial, positive and decreasing mini-
mizer u ∈ H˙1(R3)∩Lp(R3) for p ∈ (2, 5) is a standard argument, based
on Gagliardo - Nirenberg inequality (1.16), the Strauss Lemma 2.1 and
Schwartz symmetrization (see, for instance [8]).
Here, we can refer to the Diamagnetic inequality implying (see [9])
that
‖∇|u|‖L2 ≤ ‖∇u‖L2
and therefore, our minimizer is nonnegative. Even in the nonlocal case,
the problem that the minimizers ofWp(u) are radially symmetric func-
tions, is easy to be proved. A classical approach to radial symmetry
of minimizers is Schwarz symmetrization (or spherical decreasing re-
arrangement [9]). For a nonnegative function u, its symmetrization u∗
is a radially-decreasing function from Rn into R, which has the property
that for any a > 0
(2.1) µ{x ∈ Rn : u∗(x) > a} = µ{x ∈ Rn : u(x) > a},
where µ is Lebesgue measure. It is well-known that u∗ satisfies the
inequalities
(2.2) ‖∇u∗‖2L2 ≤ ‖∇u‖2L2,
for any u ∈ H˙1(Rn) and
(2.3) ‖u∗‖Lp = ‖u‖Lp,
for all 1 ≤ p <∞ such that u ∈ Lp(Rn). Moreover, for any nonnegative
u ∈ Lp(Rn) we have
D(u∗p, u∗p) ≥ D(up, up),(2.4)
due to the Riesz inequality for rearrangements (see, for instance Lemma
3 in [7]). Finally, the existence of a sequence of radially symmetric min-
imizers can be proved, following the idea of Lions [10] and using some
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important properties of the Coulomb functional D(·, ·), established in
[4].
Therefore, from now on we shall assume that
u ∈ H˙1(R3) ∩ Lp(R3)
is radially symmetric, positive and decreasing solution of (1.11). Thus,
equation (1.11) can be transformed into the following system of ordi-
nary differential equations
− r−2 (r2u′(r))′ + up−1(r) = A(r)up−1(r),
− r−2 (r2A′(r))′ = up(r),(2.5)
where
A(|x|) := I(up)(|x|).
An application of Newton’s theorem for radially symmetric functions
(see Theorem 9.7 in [9]) to the solution A of Poisson equation in (2.5)
implies the representation formula
A(|x|) =
∫ ∞
0
up(s)s2ds
max{|x|, s}
=
1
|x|‖u‖
p
Lp +
∫ ∞
|x|
(
1
s
− 1|x|
)
up(s)s2ds.(2.6)
We have a variant of Strauss lemma (see [11]).
Lemma 2.1. If u ∈ H˙1rad(R3) ∩ Lprad(R3) is a function which decays
sufficiently rapidly at ∞, then we have the estimate
(2.7) r4/(p+2)u(r) ≤ C‖∇u‖2/(p+2)L2 ‖u‖p/(p+2)Lp .
Proof. Without loss of generality we can take u positive. We have the
relation
r2u(p+2)/2(r) = 2
∫ r
0
u(p+2)/2(s)sds+
p+ 2
2
∫ r
0
u′(s)up/2(s)s2ds.
Applying Cauchy’s and Hardy’s inequalities we get
r2u(p+2)/2(r) ≤ C‖∇u‖L2‖u‖p/2Lp
and this completes the proof.

Unfortunately, the Strauss type estimate (2.7) is not sufficient to
check the key property
(2.8) lim
r→∞
rA(r) = ‖u‖pLp.
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However, for p > 2 we can apply (2.7) and via the representation
formula (2.6) to get
(2.9) A(r) ≤ C
rδ
, δ =
2(p− 2)
p+ 2
> 0.
We shall need a stronger decay estimate and therefore we pose the
following Lemma.
Lemma 2.2. If p ∈ (2, 5) and u ∈ H˙1rad(R3) ∩ Lprad(R3) is a positive
decreasing solution of (1.11), then for any r0 sufficiently large we have
the estimate
(2.10) u(r) ≤ C
r2/(p−2)
, r > r0.
Proof. The weak decay estimate (2.9) and the first equation in (2.5)
show that
A(r) <
1
2
, ∀r > r0
and r0 sufficiently large. Therefore we can assert that
−∆u(r) + u
p−1(r)
2
:= F (r) ≤ 0, ∀r > r0.
Setting
u0(r) =
C
r2/(p−2)
and choosing C sufficiently large, we can verify the property
−∆u0(r) + u
p−1
0 (r)
2
:= F0(r) > 0, ∀r > r0.
Now, we are in position to apply the maximum principle and deduce
(2.11) u(r) ≤ u0(r), r > r0.
Indeed, if I = (r1, r2) is an interval in (r0,∞), such that
u(r) > u0(r), r ∈ I, u(r) = u0(r), r ∈ ∂I,
then the minimum of (u0 − u) is on the boundary ∂I of I, since the
minimum in interior point r∗ ∈ I means ∆(u0 − u)(r∗) ≥ 0, while our
choice of u0 implies
∆(u0 − u)(r) = 1
2
(up−10 (r)− up−1(r))− F0(r) + F (r) < 0, ∀r ∈ I.
The contradiction shows that (2.11) is fulfilled and the proof is finished.

Remark 2.1. The above estimate and the assumption p ∈ (2, 5) imply
now (2.8).
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Remark 2.2. If p = 2, then the identity (2.7) becomes
−∆u(r) + u(r)
2
:= F (r) ≤ 0, ∀r > r0,
so we can take
u0(r) =
e−εr
r
with ε ∈ (0, 1/2).
Remark 2.3. A natural question is if the decay estimate (2.10) of
Lemma 2.2 is optimal. One can use the upper bound (2.10) and via
A(|x|) := I(up)(|x|) . |x|−4/(p−2)
it is possible to evoke a comparison arguments (see Lemma 2.15 in [3])
and to deduce appropriate lower bound of u.
3. Uniqueness of the minimizers of Weinstein’s functional
Our first result in this section is to derive the Pohozaev identities of
Theorem 1. Since the classical case p = 2 is a well-known result due to
Lieb [7], then from now on we can assume p ∈ (2, 5). So, we can turn
to the derivation of Euler - Lagrange equation (1.11).
For the first variation of
(3.1) Wp(Q+ εh),
we take for simplicity a positive real-valued function h ∈ C∞0 (R3) and
ε > 0. Then we have the relations
d
dε
(Wp(Q+ εh)) =Wp(Q+ εh)R(ε),(3.2)
where
R(ε) =
2p 〈∇Q+ ε∇h,∇h〉L2
(6− p) ‖∇Q + ε∇h‖2L2
+
2p(5− p) 〈(Q+ εh)p−1, h〉L2
(6− p) ‖Q+ εh‖pLp
−2pD((Q+ εh)
p−1h, (Q + εh)p)
D((Q+ εh)p, (Q+ εh)p)
.(3.3)
Taking ε = 0 and using the fact that Q is a minimizer of Wp, we get
the equation
− ∆Q
(6− p) ‖∇Q‖2L2
+
(5− p)Qp−1
(6− p) ‖Q‖pLp
=
I(Qp)Qp−1
D(Qp, Qp)
.
Using now a rescaling argument, we can assume the Pohozaev nor-
malization conditions (1.12) fulfilled and then the equation becomes
(1.11). In fact, this completes the proof of Theorem 1.
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Our next step is to prove the uniqueness of the Weinstein minimizers.
First, we recall Lemma 2.2 and following its proof, we get a more precise
asymptotics of Q and A = I(Qp), namely
(3.4) Q(r) =
C∗
r2/(p−2)
(1 + o(1)) , A(r) =
‖Q‖pLp
r
(1 + o(1)) ,
for r →∞. Here and below C∗ > 0 is a universal constant, determined
by the equation and space dimension.
The key idea to obtain the uniqueness result is to assume that Q1
and Q2 are two radially symmetric, positive and decreasing solutions
Q1(r), Q2(r) ∈ H˙1rad(R3) ∩ Lprad(R3)
of the differential equation
(3.5) −Q′′j (r)−
2Q′j(r)
r
− Aj(r) Qj(r)p−1 +Qj(r)p−1 = 0, j = 1, 2,
with
Aj(r) = I(Q
p
j )(r) =
∫ ∞
0
Qj(s)
ps2ds
max{r, s} ,
such that the asymptotic expansions (3.4) are fulfilled, i.e.
(3.6) Qj(r) =
C∗
r2/(p−2)
(1 + o(1)) , Aj(r) =
‖Qj‖pLp
r
(1 + o(1))
and to show that
(3.7) ‖Q1‖Lp = ‖Q2‖Lp.
But all these follow directly from Pohozaev normalization conditions
(1.12).
To complete the proof of the uniqueness, we shall consider the func-
tion
(3.8) ϕ(r) = |Q1(r)−Q2(r)|+ |A1(r)− A2(r)|,
in the interval r ∈ (r0,∞), where r0 > is sufficiently large.
The estimate of |Q1(r) − Q2(r)| uses in an essential way the fact
that the leading terms of the asymptotic expansions for Qj(r), j = 1, 2
coincide, so
(3.9) Qj(r) =
C
r2/(p−2)
(1 + wj(r)) , wj(r) = O
(
r−ε
)
,
due to (3.6). Setting
u0(r) =
C
r2/(p−2)
,
we have
Qj(r)
p−1 = up−10 F (wj(r)), F (x) = (1 + x)
p−1.
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This relation suggests the idea to treat the troublesome term Qp−1j
in the equation (3.5) satisfied by Qj .
We have the following cancelation property needed in the sequel
Qp−11 −Qp−12 =(3.10)
= (p− 1)up−20 (Q1 −Q2) +O
(
up−20 |Q1 −Q2|(|w1|p−2 + |w2|p−2)
)
,
due to the property
F (x1)− F (x2) = F ′(0)(x1 − x2) +O
(|x1 − x2|(|x1|p−2 + |x2|p−2))
for p ∈ (2, 5) and for all x1, x2 ∈ R close to zero.
Note that U = Q1 −Q2 is a solution to the problem
(3.11) −∆U + (p− 1)up−20 U = G(u1, u2),
where
G(Q1, Q2) = I(Q1, Q2) + II(Q1, Q2)
with
I(Q1, Q2) = −Qp−11 +Qp−12 + (p− 1)up−20 (Q1 −Q2) ,
II(Q1, Q2) = A1Q
p−1
1 −A2Qp−12 .
Now we apply the maximum principle and deduce
|U(r)| ≤ U∗(r),
where U∗(r) is a solution to the problem
(3.12) −∆U∗ = |G(Q1, Q2)|,
satisfying Dirichlet boundary condition
U∗(r0) = C1r
−2/(p−2)
0 ,
with C1 > 0 sufficiently large. Applying a priori estimate for the solu-
tion of (3.12), we get the estimate
|U(r)| ≤ U∗(r) ≤ C
r
∫ ∞
r
|G(Q1(s), Q2(s))|s2ds.
Since
G(Q1(s), Q2(s)) = I(Q1, Q2)(s) + II(Q1, Q2)(s),
we can estimate the term I(s) = I(Q1(s), Q2(s)) as follows
|I(s)| ≤ Cϕ(s)
s2+ε
,
due to (3.10) and the bound (3.9) for wj, while the second term satisfies
|II(s)| ≤ Cϕ(s)
s3
.
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In conclusion, we get
|U(r)| ≤ C
r
∫ ∞
r
ϕ(s)ds
sε
for all r > r0.
To estimate |A2(r)−A1(r)| we can write
(3.13) |A2(r)− A1(r)| ≤ C
r
∫ ∞
r
ϕ(s)s2ds
s2(p−1)/(p−2)
.
The above estimate and (3.13) imply
ϕ(r) ≤ C
r
∫ ∞
r
ϕ(s)ds
sε
,
and thus we arrive at the following assertion.
Lemma 3.1. There exists a constant C > 0, so that the function ϕ,
defined in (3.8), satisfies
ϕ(r) ≤ C
r
∫ ∞
r
ϕ(s)ds
sε
,
for any r > R and 0 < ε < 2/(p− 2).
Proof of the uniqueness of ground state. Applying the Gronwall argu-
ment of Lemma 4.1, we use the estimate of Lemma 3.1 and conclude
that
ϕ(r) = |Q1(r)−Q2(r)|+ |A1(r)− A2(r)|
is identically zero for r > r0. Since (Qj, Aj), j = 1, 2 are solutions to
the Cauchy problem
Q′′j +
2
r
Q′j = Q
p−1
j (1−Aj),(3.14)
A′′j +
2
r
A′j = −Qpj ,
with
Q1(r)−Q2(r) = A1(r)−A2(r) = 0, ∀r > r0,
we obtain
Q1(r)−Q2(r) = 0, ∀r > 0.
This implies that positive, radial, decreasing ground state satisfying
Pohozhaev conditions is unique and completes the proof. 
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4. Appendix: Gronwall type lemma
Lemma 4.1. If ε > 0, ψ(r) ∈ C(1,∞) is a nonnegative function
satisfying
(4.1) ψ(r) ≤ C, ∀r > 1,
and
ψ(r) ≤ C
∫ ∞
r
ψ(s)ds
s1+ε
, ∀r > 1,
then ψ(r) = 0 for r > 1.
Proof. The assumption (4.1) and the integral estimate for ψ imply
ψ(r) ≤ C
rε/2
→ 0 as r →∞.
Making the change of variable r → ρ = 1/r, we reduce the proof to the
following statement for
Ψ(ρ) = ψ
(
1
ρ
)
.
If Ψ is a continuous non-negative function on I = [0, R] such that
Ψ(0) = 0 and
Ψ(ρ) ≤
∫ ρ
0
Ψ(σ)dσ
σ1−ε
, ∀ρ ∈ I,
then Ψ(ρ) ≡ 0 in I. This is the standard Gronwall lemma and the proof
is now completed. 
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